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The 1+ 1 dimensional bosonised Schwinger model with a generalized gauge invariant regularisation
has been studied in a noncommutative scenario to investigate the fate of the transition from con-
finement to deconfinement observed in the commutative setting. We show that though the fuzziness
of space time introduces new features in the confinement scenario, it does not affect the deconfining
limit.
PACS numbers: 11.15.-q, 11.10.Nx,
The (1 + 1) dimensional Schwinger model
has been extensively studied over the
years1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19 due to its
significance in (1 + 1) dimensional electrodynamics as
well as due to its exactly integrable feature. One of the
most interesting results following from the Schwinger
model is the confining scenario of fermion1,3,4. Schwinger
model with the usual gauge invariant regularization
(GIR) leads to a massive photon where photon acquires
mass via a kind of dynamical symmetry breaking and
the fermion gets confined. The model is studied with
different regularizations10,11,14. In fact ambiguity in
the regularization which has played a crucial role in
the confinement phenomena has been exploited several
times8,9,11,12,20 to explore various aspects of the model.
The model is studied with a gauge non-invariant regular-
ization too in11,14. It was shown that fermions remained
unconfined. However, photon acquired mass as usual.
With a generalized gauge invariant regularization also
the model is found to be consistent and physically sen-
sible. This has a non-conventional limit where fermions
enter into a deconfining phase10. This transition from
confinement to deconfinement is an extremely significant
aspect and deserves to be studied in all its ramifications.
In the recent times field theory formulated in non-
commutative (NC) space time has gained considerable
interest21 where the space time coordinates satisfy the
algebra22
[xµ, xν ] = iθµν (1)
Investigation of the Schwinger model in NC space time
has been initiated in19 where we have studied the NC
extension of the bosonised vector Schwinger model orig-
inating from the fermionic model under usual GIR. The
introduction of noncommutativity gives rise to a novel
background interaction which is linear in the NC param-
eter, signifying an interacting massive boson. Due to this
background interaction the confinement phenomena can
not be conclusively predicted. Naturally, study of the NC
Schwinger model from different regularisation schemes is
strongly suggested to elucidate the scenario of confine-
ment. Specifically, it would be instructive to study the
fate of fermion, i.e., whether it will appear as free or gets
confined in a noncommutative space time configuration.
This is all the more important because the fuzziness in
the space time structure is considered to be effective in
the Plank scale, where again the issues of confinement or
deconfinement acquires cardinal significance.
In view of the above perspective we propose to study
the Schwinger model with a generalized GIR in a non-
commutative setting. The commutative Schwinger model
is described by the action
SF =
∫
d2x
[
ψ¯(i∂/− eA/)ψ −
1
4
FµνFµν
]
(2)
where ψ represents the fermionic field, Aµ stands for
gauge field, e has unit mass dimension and the Lorentz
indices take the values 0, 1. Bosonisation of this model
by integrating out the fermions requires some regularisa-
tion in order to remove the singularities in the fermionic
determinant. Invoking a suitable generalized GIR10 we
obtain
SB =
∫
d2x
[
1
2
∂µφ∂
µφ+
e
2
ǫµνF
µνφ+
α
4
FµνF
µν
]
(3)
The model, though looks simple, has a deeper meaning.
Here α stands as a regularization ambiguity. In stead
of mass-like regularization a kinetic energy-like regular-
ization has been considered here. Unlike the former the
kinetic energy-like regularization keeps the model gauge
invariant which will be appropriate for the NC extension.
We should mention here that | α |→ ∞ limit has a sharp
contrast to e = 0 situation notwithstanding the fact that
they look identical at first sight. A closer look reveals
that e = 0 corresponds to a free electromagnetic theory.
On the contrary | α |→ ∞ limit is consistent with the
occurrence of deconfinament as has been demonstrated
from the calculation of quark–antiquark potential10. We
will have occasions to further comment on this contrast
2arising out of noncommutativity later. For the time be-
ing we put e = 1 for simplicity and investigate the NC
extension of (3) in this letter.
The NC field theories can be explored by several ap-
proaches which sometimes compliment each other23,24.
Thus one can think of the fields as operators carrying
the realization of the basic algebra (1) or a conventional
phase space may be used where the ordinary product is
deformed. A particularly interesting scenario appears in
case of the gauge theories where one can use the Seiberg–
Witten (SW) type transformations25,26,27 to construct
commutative equivalent models28,29,30,31 of the actual
NC theories in a perturbative framework. In the present
letter we adopt this approach. The noncommutative ex-
tension of the model (3) is then
Sˆ =
∫
d2xLNCBS =
∫
d2x
[
1
2
(
Dˆµ ⋆ φˆ
)
⋆
(
Dˆµ ⋆ φˆ
)
+
1
2
ǫµν φˆ ⋆ Fˆµν +
α
4
Fˆµν ⋆ Fˆ
µν
]
(4)
with
Dˆµ ⋆ φˆ = ∂µφˆ− i
[
Aˆµ, φ
]
⋆
(5)
and ⋆ denotes that the ordinary multiplication is replaced
by the star multiplication defined by
φˆ(x) ⋆ ψˆ(x) =
(
φˆ ⋆ ψˆ
)
(x) = e
i
2
θαβ∂α∂
′
β φˆ(x)ψˆ(x
′
)
∣∣
x
′
=x.
(6)
The action (4) is invariant under the ⋆-gauge transfor-
mation
δˆ
λˆ
Aˆµ = Dˆµ ⋆ λˆ, δˆλˆφˆ = −i
[
φˆ, λˆ
]
⋆
(7)
Note that in our model time space noncommutativity
appears essentially. The issue of time space noncommu-
tativity is a contentious one in the literature32,33,34,35,36.
Fortunately, in an order by order perturbative treatment
consistent results have been obtained37,38. In an interest-
ing work39 the origin of the time space noncommutativity
has been traced from a theory with only spatial noncom-
mutativity to first order in the NC parameter, thereby
ensuring regular behaviour of the derived theory. We
have treated the (1 + 1) dimensional Schwinger model
in19 which has also exhibited consistent results having
the correct commutative limit. In the present work we
are again confined to first order calculation. Thus the
issue of time space noncommutativity is expected not to
create any trouble. To the lowest order in θ the explicit
forms of the SW maps are known as25,26,27
φˆ = φ− θmjAm∂jφ
Aˆi = Ai −
1
2
θmjAm (∂jAi + Fji) (8)
Using these expressions and the star product (6) to order
θ in (4) we get
Sˆ
SW map
=
∫
d2x
[{
1 +
1
2
Tr (Fθ)
}
Lc − (Fθ)µ
β∂βφ∂
µφ
−
1
2
ǫµν (FθF )µν φ−
α
2
(FθF )
µν
Fµν
]
(9)
where Lc stands for the commutative Lagrangean (with
e = 1)
Lc =
1
2
∂µφ∂
µφ+
1
2
ǫµνF
µνφ+
α
4
FµνF
µν (10)
We will now proceed with the Hamiltonian analysis of
the model. The canonical momenta corresponding to the
fields φ and Aµ following from the standard definitions
are
πφ = φ˙+ θF01φ˙
π0 = 0
π1 = −αF01 + φ+
θ
2
(
φ˙2 − φ′2 − 3αF 201
)
(11)
The Hamiltonian density corresponding to the action (4)
is
HCEV =
[
HCS −
θ
2α
{
π1
(
φ′2 − πφ
2
)
+ φ
(
πφ
2 − φ′2
)}
+
θ
2α2
{
φ3 −
(
π1
)3
+
3
2
φπ1
(
π1 − φ
)}]
(12)
where HCS is given by
HCS =
1
2
[
πφ
2 −
1
α
(π1)2 + φ′2 −
1
α
φ2
]
+ π1A′0 +
1
α
π1φ
(13)
π0 = 0 in (11) is a primary constraint, conserving it in
time we get a secondary constraint π1 = 0 and these two
forms a first class set. We therefore choose the following
two gauge fixing conditions
A0 = 0
A1 = 0 (14)
in order to remove the gauge redundancy. The Hamilto-
nian in this reduced phase space is obtained by setting
π0 = π
1 = 0, A0 = A1 = 0.
HRCEV =
[
1
2
(
π2φ + φ
′2 −
1
α
φ2
)
−
θ
2α
{
φπ2φ − φφ
′2
}
+
θ
2α2
φ3
]
(15)
In this situation the Dirac brackets40, and not the Pois-
sion brackets represent the simplectic structure. A
straightforward calculation using the definition of the
Dirac brackets shows that the brackets remain canonical.
3The Hamiltonian (15), along with these canonical brack-
ets leads to the following first order differential equations
φ˙ =
(
1−
θ
α
φ
)
πφ (16)
π˙φ = φ
′′ +
1
α
φ+
θ
2α
(
π2φ + φ
′2 + 2φφ′′
)
−
3θ
2α2
φ2 (17)
The above two first order equations can be combine to
the following second order equation
(
✷−
1
α
)
φ = −
θ
2α
(
φ˙2 − φ′2 +
5
α
φ2
)
(18)
The above equation, devoid as it is of the redundant de-
grees of freedom, contains the physical contents of the
model (4) to leading order in the NC parameter θ. For
a general α it exhibits a massive photon in interaction
with a background which naturally agrees with our ear-
lier finding19,41. However, the crux of the situation lies in
the nonconventional limit | α |→ ∞ which in one stroke
eliminate both the background interaction as well as the
mass term. We are then left with a massless boson which
reveals a deconfined fermion. It is indeed gratifying to
observe that though the introduction of noncommutativ-
ity gives rise to a background interaction, in the large
α limit this interaction is removed and the deconfining
phase is retrieved. Also note that this | α |→ ∞ limit is
very different from e → 0 limit, a fact mentioned earlier
in connection with the action (3).
We have discussed the bosonised Schwinger model ob-
tained under a generalized gauge invariant regularisation
(GIR) in a noncommutative (NC) setting in order to in-
vestigate the fate of the confinement scenario in the NC
context. Using the standard ⋆-product formalism and
invoking the appropriate Seiberg–Witten (SW) transfor-
mations the original NC model has been mapped to an
equivalent commutative model. Performing a Hamilto-
nian analysis the basic field equations were derived in
the reduced space. These field equations were combined
to lead to a second order equation which contains the
physical informations of the theory. The results of our
calculations contain the regularisation parameter α. For
a general value of this parameter we obtained a massive
boson in interaction with a background of NC origin, a
result in agreement with19. Remarkably, in the large α
limit this background interaction is eliminated along with
the mass term which revealed the presence of a decon-
fined fermion. So | α |→ ∞ is a limit which corresponds
to the deconfining phase of the fermion. This unconven-
tional limit was earlier studied in the commutative case10
which revealed the same deconfinement scenario. Our re-
sults thus prove the existence of this deconfining phase
in the NC perspective. This is a welcome result consid-
ering that the fuzziness of space time associated with the
NC algebra is relevant near the Plank scale42,43,44 where
again the issue of confinement or deconfinement assumes
special significance.
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